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ABSTRACT 
 

During the past decades the use of programming as a design approach has 

widen the architect’s creative perception and has set a new dynamic 

equilibrium between digital and physical space models. Frequently this newly 

acquired programmatic freedom leads to a wide spectrum of geometrically 

challenging double curved surfaces. The problem then lies on defining these 

objects in terms of constructible components. 

 

Various custom tessellation algorithms have thus been developed in response 

to the problem mentioned above. Most of them are based on a top-down 

method of mapping triangular grids on the generated surface. This thesis will 

try to investigate whether it is possible to create a more efficient, quadrilateral 

tessellation algorithm by using a bottom-up approach. The hypothesis rests on 

the fact that by having agents estimating the curvature along the surface by 

making very small, fixed steps, one can have a better approximation of it, as 

the agents will not overstep any curve inflections. As there is no standard 

solution to this problem, the method will be tested against two other 

algorithms more commonly used to solve tessellation problems. The first is the 

traditional gradient descent algorithm, where the agent’s step size varies based 

on iterative estimations of the optimal deviation measured from the curved 

surface. The second emulates an original top-down approach to the problem, 

where the surface is defined topologically in advance and is solved globally. 

 

Eventually, the results of this comparison show how the ‘walking agent’ 

method is in some ways advantageous against the other two, while capable of 

producing interesting tessellation patterns. Ultimately the usefulness of this 

new tool rests on the fact that the surface is explored based on its local 

curvature conditions without having to specify the mesh’s node topology in 

advance. Furthermore the surface is tessellated with respect to a predefined 

acceptable deviation threshold and maximum tile size. 

 

Word count: 9985 
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INTRODUCTION  

 

 

 

 

 

 

 

 

 

 

 

 

 

Architectural design was traditionally based on the architect’s creative 

capacity and drawing skills. But through the development of advanced 

computational techniques, one came to realize that while the design 

possibilities become infinite as the architect adopts a double hypostasis – that 

of a designer and a programmer- there is a simultaneous rise of new problems 

which cannot be solved but algorithmically. While new generative techniques 

and digital modelling allow a great variety of designs to emerge, the proposed 

forms usually lack buildability due to their arbitrarily curved surfaces, which 

are difficult to represent and expensive to materialize. More often the setback 

lies in tessellating these curved structures by using cheap and mass customized 

units.  

 

The solution to the problem presented above is sought in the creation of a 

tessellation algorithm capable of representing the surface not as a unipartite 

object, but as an aggregation of regular polygon tiles. Interestingly enough, 

however simple this problem may sound, there is no standard method 

currently used to tackle it. Indeed, there are various mesh generating 
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algorithms as there are many ways to approach the problem. What most of 

them share in common is a general top-down methodological approach: the 

surface is always explored in regards to its global topology. That leads to the 

imposition of a custom centralized model in order for the geometrical system 

to be solved. Furthermore, most of these algorithms explore the mapping of 

triangular grids on the object’s facet, in order to better approximate its 

curvature. This is quite costly in manufacturing terms, as triangular tile cutting 

results in greater material waste, as opposed to quadrilateral. 

 

Undoubtedly there is a great deal of consideration on this subject. The 

questions that gradually rise from the current situation are the following: 

 

�  Is it possible to create a more efficient tessellation algorithm by using a 

bottom-up approach? Is the exploration of geometries that adapt to 

local surface properties proficient enough to render the desirable 

overall representation of a double curved surface? 

�  Could this new method incorporate quadrilateral tile generation? 

�  In what ways may this method be customized to fit the demands of 

contemporary architectural production? Are there specific global 

variables that can link each project’s unique parameters to the 

algorithm? 

�  Is it possible for this innovative technique to embed –either directly or 

circuitously- material simulation during the generative process? 

�  Finally, what is the efficiency of the proposed algorithm when tested 

against more traditional methods? 

 

This thesis rests on the routes of the problem set previously. The main aim 

will be the creation of an algorithm that meets the above requirements. In the 

introductory section of the dissertation there will be an explicit presentation of 

its aims and objectives. Section two will attempt to give an overview of the 

background to the problem by setting its theoretical perspective and presenting 

examples that best characterize the methods previously used. An extensive 

explanation of the differences between the currently used top-down 
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approaches against the bottom-up method this thesis discourses will be given 

in section three. The final tessellation algorithm and the methodology 

considerations in regards to the first and second question will be discussed in 

section four. Additionally the ways by which this methodology is being 

objectified will be displayed. The customization of the code and the possible 

material simulation -posed by questions three and four- will also be presented. 

After the script introduction, the initial hypothesis will be tested against the 

currently most significant solutions to the research problem (question five) and 

the results will be displayed in the thesis’ fifth section. Finally section six 

deals with the research outcome and its critical assessment, while in section 

seven there will be some proposals regarding possible future optimization of 

the algorithm. Based on the above findings this paper will be concluded by 

giving a final account for all the choices made during the scripting process in 

regards to the final outcome. 
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1. AIMS AND OBJECTIVES 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The aim of this research is the creation of a programmatic tool capable of 

populating arbitrarily curved surfaces with simple components. The method 

takes into consideration the desirable use of regular construction techniques 

and reasonable building budgets. The entire scheme has been scrutinised under 

the more general architectural spectrum of buildability and tessellation of 

arbitrary surfaces (building envelopes).  Taking that into account, this thesis 

does not attempt to relate with the conceptual design phase of a project. It 

rather picks up from where this stage of the procedure is concluded: its 

objective is to materialize the concept, to take a complex geometric form, 

explore its structural and material properties, integrate them into the specified 

geometry through a customized code and generate directly fabricated elements 

that, compiled, can produce the given form. 

 

One of the steering objectives during the scripting process has been the 

exploration of a different approach to the problem. While there is no standard 

solution that addresses the research question, there is however a specific way 

by which every tessellation algorithm in current practice tends to work: from 

the top-down. This strategy of information processing calls for a global 
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manipulation of the mesh, where an overview of the system is formulated, 

based on its global rather than its local properties. That means that the surface 

is explored as a whole: the topology of the nodes that specify the final mesh 

are initially set on the surface and are then being manipulated and refined 

globally. The proposed algorithm -from now on called ‘walking agent’ 

method- seeks to disrupt this commonly used pattern by applying a bottom-up 

methodology. In that sense the surface is explored step by step, where 

individual parts of the system are being specified in detail and then linked to 

formulate the expected result. The grounds for this approach will become 

clearer in chapter three. It should be stated though that the choice of a 

decentralized model was made upon the presumption that such a manipulation 

of the given surface would provide a better understanding of the local 

curvature conditions, allowing for an adaptive tessellation to take place. 

 

In addition to that, the algorithm was aiming for a quadrilateral rather than a 

triangular tessellation. Triangular grids are mainly used because of their 

capacity of better adjusting to the curvature conditions, thus providing a more 

realistic approximation of the surface. But, one of the great disadvantages is 

the material waste produced when the tiles are being cut. In order to achieve a 

more economical solution, the code is indented to create quadrilateral tiles.  

 

To address the issue of material simulation during the tessellation process, the 

‘walking agent’ method has specific parameters related to the tile’s size, which 

are being represented by modifiable variables.  It incorporates both methods of 

finding the optimum curvature and of using metadata in doing so. That means 

that the algorithm takes into account the material’s tolerance and the strength 

of the component’s profile during the tessellation process. This is made 

possible by incorporating global variables of maximum acceptable size for the 

components, based on the tolerances of the material used. The adaptability of 

the final product to its geometrical context is then evaluated in regards to 

practical, aesthetical and economical criteria. 
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2. THEORY BACKGROUND AND RELATED WORK  

 

 

 

 

 

 

 

 

 

 

 

 

2.1 INTRODUCTION TO THE PROBLEM 

 

How one builds a construction that describes a double curved shape by using 

regular construction means and a reasonable budget? And how is this entire 

procedure intergraded into a mass-production scheme? This is the problem 

that many contemporary architectural firms have to confront in order to turn 

their design proposals into real buildings. Creating irregular surfaces with the 

help of specialized 3D modelling CAD systems is not so difficult, but building 

them is much more demanding. 

 

Although the strategies used to describe a double curved surface as a set of 

buildable components vary (use of customized moulds, creations of 

constructive ribs produced by computationally sectioning the structure etc) the 

most common method is the superimposition of a tessellated grid over the 

surface. A tessellation algorithm maps a lattice on the surface in respect to its 

curvature. The algorithm eventually decomposes the object in developable 

tiles that can approximate the surface (panelization procedure). The segments 

of the grid are commonly used as the guide for the structural skeleton, which 
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is then covered or filled by cladding layers. In this case the geometry of the 

surface is represented by a mosaic of -ideally planar- patches, each of which 

has a unique shape and occupies a unique part of the structure. This have been 

made possible by use of generative techniques, CAD/CAM1 software and 

CNC machines2  that introduced the principle of mass-customization,  

allowing for the economical mass production of diverse and distinctive 

components. 

 

The challenge that this strategy presents is that the transition from a 

geometrically specified surface to a manufactured tessellated grid may be 

achieve only through the application of customized scripting code. The 

architect-programmer has the freedom to approach the terminus in whatever 

way he/she sees fit. The selection of the methodology is thus closely related to 

the adaptive capacity of the script. In this section the background of these 

methodological approaches will be presented through the analysis of two 

important built paradigms: British Museum’s Great Court Roof by Foster and 

Partners and ONL’s Web. 

2.2 FOSTER’S BRITISH MUSEUM’S 

 GREAT COURT ROOF  

 

The creation of the spiralling geometry 

of the steel members that structure the 

British Museum’s Great Court Roof is 

probably one of the best examples of 

customized tessellation code used to 

approximate a double curved surface. 

The algorithm was written by Chris 

Williams (University of Bath) in 

collaboration with the architects in 

Foster and Partners and the engineers 

in Buro Happold.  

                                                           
1 CAD/CAM: Computer Aided Deign/ Computer Aided Manufacturing 
2 The abbreviation CNC stands for Computer Numerical Control, and refers specifically to a 
computer "controller" that reads G-code instructions and drives the machine tool. 

Figure 1: British Museum 
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The Great Court Roof is a steel and glass structure that covers a rectangular 

area of 70x100 meters, containing the Reading Room (44 meters diameter).  

The construction of the roof was based on a steel grid, created by triangular 

members welded to nodes. The members were glazed with flat glass panels.  

The shape of the entire structure is based on a complicated equation that 

results to a highly irregular double curved surface. The nodes that hold 

together the steel members are actual points of that surface, while the 

members itself follow the triangular mesh that those nodes form. Thus the 

final structural grid is the product of an ad hoc procedure that tessellated the 

designed surface into a triangular grid. 

 

While there were many 

transitional stages, the 

final tessellation 

algorithm was produced 

by using the following 

method: the rectangular 

outer boundaries as well 

as the circular inner 

boundary were divided in 

smaller segments by 

equally spaced points. In 

connecting the points a 

group of radial lines was 

created. Those lines were 

then divided into equal 

segments.  For every two 

or four segments a node 

was set. Finally the nodes were connected creating the initial triangular grid.  

 

The second stage incorporated a great deal of scripting, as it aimed in 

normalizing the discontinuities that were produced in the first stage. To 

Figure 2: Initial Grid 
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achieve that, a “relaxation” method has been used. Each node i, j of the 

mathematical grid was specified based on its position pi, j. During the 

relaxation process the fictitious force applied to the node by ‘strings’ attached 

to the neighboring nodes would have been: 

fi, j =  

(pi-1, j - pi, j ) + (pi+1, j - pi, j) + (2 -z )(pi, j-1 - pi, j ) +z (pi, j+1 - pi, j), 

where 1, 1, (2 -�  ) and �   the tension coefficients3 of the strings. The �  was 

taken by a function which regulated the maximum size of the glass triangles 

near the centre of the southern boundary (Williams 2001). Based on the 

assumption that the nodes could slide on the surface without friction, the force 

applied in every node during the relaxation sliding would be:  

qi, j = fi, j - (fi, j • ni, j )ni, j, where n i, j is the unit normal to the surface and 

fi, j tangential to the surface. Therefore, the relaxation process would have to 

satisfy the equation: qi, j =0 

(Williams 2001).  

 

Thus the algorithm works 

in two stages. At first, in 

order to create a simple 

mathematical grid, it 

globally sets the nodes’ 

topology. It then takes all 

those points and iteratively 

applies a relaxation 

formula, based on the 

forces applied on each node 

by its neighbors. In every 

cycle the nodes move to a 

new position, as each tends 

to minimize the overall 

                                                           
3 The tension coefficient is the tension in a member divided by its length. (Williams 2001) 
 
 

Figure 3: Relaxed Grid
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force in order to reach a state of equilibrium. This process, known as dynamic 

relaxation, has finally converged after 5000 iterations in the example studied 

here.  

 

 

 

The tessellating algorithm in this case study gave a finely tuned result and set 

an example for following buildings. The code starts from a very simple 

triangulation, and by the use of mathematical equations it reaches an 

elaborated result. The double curved surface is realistically approximated, and 

more importantly this is being done by the use of flat components both for the 

structural grid and the cladding. But the tessellating procedure used is 

hierarchical from the top-down,, which requires an explicit representation and 

understanding not only of 

the surface equation that 

specifies the shape, but of 

the intrinsic laws of 

interaction that govern it. 

In that sense a great deal 

of prerequisite knowledge 

has to be integrated into 

the algorithm, which is 

not always easy to apply.   
Figure 5: British Museum – Virtual Roof Model 

Figure 4: Tessellated Roof 
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Figure 6: British Museum - Photo 



TESSELLATION OF ARBITRARILY SHAPED OBJECTS 

 

MSc AAC 2005-2006                                                                                                16 

 

2.3 ONL’S WEB - NORTH HOLLAND 

 

The example discussed below is very different from that of the British 

Museum, but nevertheless a quite interesting one. It presents an innovative but 

restraining concept of solving the tessellation problem. The final product is 

also a triangulated mesh, derived from a top-down procedure of global 

manipulation of points on a given double curved surface.  

 

The Web is a spaceship-like pavilion designed for the world horticultural 

exhibition 'Floriade' 2002 in North Holland. The shape of the design was 

based on a NURBS4 surface. The building is based on ONL’s “new building 

paradigm of mass-customization and the new design paradigm of 

programming soft design maschines” (Boer & Oosterhuis 2002). The office 

has developed parametric design strategies for the production of the 

construction and cladding details. The scope of this project was to treat the 

building as a whole, where the nodes, cladding and details were each 

characterized by a parametric formula. The final result came by manipulating 

the equation that ruled those elements. 

 

In order to produce the designed structure, the architectural firm used a swarm 

of control points. This Point Cloud mapped a triangular grid on the designed 

NURBS surface, which was organized according to icosahedrons (twenty-

                                                           
4 NURBS is an acronym for Non-Uniform Rational Bezier Splines, a container for a number 
of polynomial algorithms 

Figure 7: WEB Virtual Model 
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faced polyhedrons) mesh. 

Each point connected to 

either five or six other points. 

The final triangulation 

occurred by subdividing each 

of the main twenty faces in 

smaller triangles (in this case 

36, by subdividing each edge 

into six smaller ones).The 

control points on the surface 

created a peer-to-peer 

network, as they were given 

specific rules and constraints. 

Subsequently, the final 

construction system followed 

the mapped triangulated grid 

that had the internal integrity 

of icosahedrons. In order to 

create the structural skeleton, 

ONL used a second parallel 

grid that occurred by setting 

vectors perpendicular to the 

surface. The vectors were 

generated as the normal lines 

on each control point. The 

points are instructed to look 

at their neighbourhood and, 

by connecting to each, create flat planes. In order to give those planes 

thickness, the points are being doubled, based on a single generative rule. In 

each step of the procedure, the multiplication of the Point Cloud leads from a 

simple node system to the description of the construction detail for each node. 

As the initial surface is one of double curvature, the node doubling doesn’t 

occur along parallel lines. As a result the flat construction plates are being 

Figure 8: WEB – NURBS Surface 

Figure 8: Icosahedrons Mapping  

Figure 10: Structural Grid 



TESSELLATION OF ARBITRARILY SHAPED OBJECTS 

 

MSc AAC 2005-2006                                                                                                18 

folded in order to meet each other on specified angle, a method that ONL 

argues of being capable of 

creating any complex double 

curved surface (Oosterhuis 

2004). The final plates were 

then “unfolded” based on a 

custom autolisp routine, were 

given exact coordinates for 

each point, their degree of folding as well as a unique ID number and were 

sent directly as a code to the CNC machine.  For the cladding, a new flexible 

aluminium laminate material called ‘Hylite|’ was let itself be fitted in a form 

of pseudo double curvedness.  

 

The solution that ONL suggests is 

quite interesting, but the choice of the 

icosahedrons as a basis for the 

construction grid is quite arbitrary. 

Mainly it doesn’t take into 

consideration the curvature of the 

surface; it just makes this selection on 

the grounds that both the design and 

the icosahedrons are closed systems. 

The argument the firm gives is that: 

“there exist no NURBS tessellating 

algorithms that base their distribution 

of the triangles not only on curvature 

but also incorporate metadata like 

strength of a given profile, gravity, 

wind-direction and other load bearing 

conditions” (Boer & Oosterhuis 2002).  But, on the other hand, neither the 

algorithm ONL used provides the manipulation of all this data. Undoubtedly it 

offers a good way of regulating the fine tuning of the structure, the cost 

efficiency and regularity of details (by controlling the amount of triangular 

Figure 11: Extruding Panels from Virtual Model 

Figure 12: Hylite Cladding 

Figure 13: Tiles on Structure 
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subdivisions). But it is still a project driven algorithm that disregards in a way 

the curvature conditions, by giving just a crude approximation of the surface.  

In addition, the cladding system used incorporates triangular, non-flat panels 

of pseudo-double curvature. That constrains the choice of materials to those 

that can be bend or adapt to curved conditions, not mentioning the cost 

increase if one had to apply it to a bigger structure.  Moreover it would be very 

difficult to use the same method in various b-spline or NURBS surfaces, 

especially if they were open ones. 

 

 

 
Figures 14-15: WEB – Structure and Final Building 
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3. AGENTS & SELF-ORGANIZING SYSTEMS  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.1 BACKGROUND SOLUTIONS AND THE TOP-DOWN APPROACH 

 

Having presented two practical implementations of tessellating algorithms in 

contemporary practice, it is essential to further display the common 

methodological background that those examples share. Furthermore this 

common approach should be compared to the new algorithm proposed in this 

thesis.   

 

In order to represent an arbitrarily curved surface by a group of polygons, one 

needs to represent them hierarchically. To build hierarchies in computer 

graphics, the programmer may use either a top-down or a bottom-up approach.  

Top-down methods begin with a defined mesh given by a group of distinct 

points. By using recursive rules that define the current state of each node 

(relatively to its neighbours), the algorithm moves the points on the surface to 

reach the desired result. On the other hand, a bottom-up approach explores the 

surface step-by-step and the final form results as all the individuals 
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components are being linked to a complete system. In that case there is no 

need for pre-identified points’ topology: the nodes occur through the gradual 

“reading” of the surface in accordance to the given rules.  

 

As it has been previously stated, the tessellation methods currently used follow 

a top-down approach. As a consequence, the entire surface (being the system 

in question) has to be initially described as a collection of predefined points. 

The local properties of the surface are not originally taken into account. The 

parts of the system are being refined during the iterative process, but are not 

specified into detail.  

 

3.2 BOTTOM UP VS TOP DOWN - COMPLEX SYSTEMS 

One of the main aims of this thesis was to test the efficiency of a tessellation 

algorithm that would work based on a bottom-up approach. In contrast to top-

down methods, bottom-up design is founded on the exploration of the 

structure by its local properties. The surface is regarded as a topological 

system of relations: it is the relationship of the parts that define the whole. The 

algorithm is therefore set to apply and test a series of rules in individual parts 

of the surface. By the time it has analyzed all the discrete sections of the 

structure, it has already set all the needed variables on it.  

 In the bottom-up method no points have to be identified on the surface in 

order for the algorithm to proceed. On the contrary, the nodes are being 

allocated separately in every section of the surface, based on the local 

conditions and curvature.  Since the grid-mapping process advances gradually, 

this allows for a more adaptive tessellation to take place: areas of high 

curvature are highly tessellated and vice versa.   

The bottom-up approach to design indicates an emergent system, were the 

structure is created based on the local relations that are gradually built between 

the nodes of the system. The final tessellating mesh could be a self organizing 

system that regulates itself by minor local adjustments. Consequently instead 

of imposing a centralized model in order to tessellate the surface, one can 
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regard it as a complex system, where the interactions and correlations among 

its parts can account for its global representation.   

In addition to the advantages mentioned above, bottom-up approaches are 

usually more accurate, as they study curvature in local levels. Moreover, as 

they don’t use estimations, they avoid causing useless splits, therefore final 

merging is not needed. Conversely the disadvantages are that they are usually 

more time and memory consuming that top-down methods and do not allow 

for special optimization techniques during query execution. Regardless this 

and based on the belief that unintended patterns rise from decentralized 

interactions (Resnick 1997), this thesis uses a bottom-up model in expectance 

of some interesting results  
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4. THE TESSELLATION ALGORITHM  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.1 SURFACE MODEL AND METHODOLOGY CONSIDERATIONS 

 

In creating the new tessellation algorithm, certain parameters had to be taken 

into account in order for the project to meet its predefined objectives. A 

piecemeal description of the code would incorporate a) the programmatic 

definitions of a b-spline surface b) the setting of a “walking agent” on it and c) 

the gradual creation of a quadrilateral mesh based on the calculation of the 

local curvature conditions made by the agent. 

 

The b-spline surface was an essential step to begin with. The tessellation 

problem considered in this thesis refers mainly to arbitrarily curved surfaces, 

where the curvature is not symmetric and changes randomly. This stems from 

the fact that the use of b-spline surfaces is very common in current 

architectural practice. Hence many of the problems encountered in realizing 

various design projects refer to the effectuation of those surfaces. The 

tessellation of skins where the curvature is constant does not present any 

research interest, as it is a difficulty which is easily dealt with.   
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For designers a b-spline surface is quite appealing, as its shape can be easily 

controlled interactively by manipulating its “control points” and “knots” in 

order to produce a broad range of irregular geometric forms. The “control 

points” do not have to be on the actual surface, but by moving them one may 

affect the surface section (restricted by the “knots”) in the vicinity of the 

associated point.  In a rational b-spline surface the control points are 

associated with the ratio of two polynomial equations, known as basis 

functions. These elementary rules define a very powerful geometrical tool 

which, in the words of Branko Kolarevic, “provides for an efficient data 

representation of geometric forms, using a minimum amount of data and 

relatively few steps for shape computation…” (Kolarevic 2003).    

 

 

 

The second aspect considered by the realization methodology was the use of 

agents that would “read” the surfaces curvature.  This was a prerequisite if the 

method was to approach the problem in a bottom-up manner. An agent set to 

walk on the surface would check the curvature conditions locally, and put a 

point where the calculations would suggest that the deviation (error) of the 

perspective flat tile from the curved surface would not surpass a threshold set 

in advance. It was important that the topology of the nodes on the surface 

mesh was not predefined (like in Chris William’s method). The surface points 

Figure 16: B-spline Surface 
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had to be placed respectively not based on a set topology, but on the 

acceptable tile deviation. In that way it is not the topology of the nodes that 

has to be pre-specified, but the acceptable deviation of each tile from the 

surface.  Thus the problem is shifted from equalizing the forces among the 

nodes, to equalizing the “error” under a specific limit. 

 

The final feature that the algorithm needed to explore was the creation of a 

quadrilateral tessellated mesh, as opposed to the standard triangular ones.  

There is an explicit reason why this research was lead to that direction. 

Common triangulation algorithms are generally used because of their capacity 

to better approximate the changes on curving surfaces. Te problem here lies on 

the cutting of the tiles. As it was suggested before, it is much more expensive 

to cut a triangular tile, rather than a quadrilateral because the material waste in 

the first case surpasses that observed in the later. This is a result of the way the 

CNC machines work. 

 

 
 
 

As it is obvious from the figure, the material lost in a triangular cut is greater, 

which in respect results to considerable budget increase.  For that reason the 

proposed algorithm intended to set a quadrilateral grid, thus connecting four 

Figure 17: Tile cutting in CNC machine 
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neighbouring nodes to create each tile. The problem that occurred in that stage 

was that the difference in height between the opposite nodes of the tiles 

sometimes results in bending the tile along that diagonal and thus creating 

triangular tiles. The solution to that setback depends on either to minimizing 

the acceptable deviation threshold or maximizing the possible gutter height (if 

the tessellation is applied to a modular structure like in the British Museum’s 

case). This will be discussed in detail when analyzing the final product of the 

code. 

 

Finally it was decided that the algorithm would be created with Processing 

programming language. The fact that Processing is object oriented and would 

allow for an easier manipulation of the surface was an important parameter 

that led to that decision.  

 

4.2 THE CODE 

 

The methodology considerations discussed previously set a much specified 

background for the scripting process. The research questions were pointing 

towards a particular path that, if applied, would transform the theoretical 

suggestion into a comparable tool. Therefore, based on the aspects of the 

hypothesis, the algorithm was divided programmatically into two parts: the 

representation of the b-spline surface that would constitute the agents’ path 

and the setting of the agents along with their behaviour.  

 

Under that spectrum the programmatic scheme was set under two main 

classes; the first could provide b-spline surface points based on the b-spline 

equation and given U, V coordinates while the second corresponded to the 

agent’s performance. The term “class” refers to the way by which object 

inheritance is achieved in an object oriented programming language. Instead 

of setting each piece of the code independently, one may set a class of objects 

that attributes specific characteristics to every member of that class.  

Furthermore, the use of U, V coordinates is based on the b-spline surface’s 

definition within a “local” parametric space, situated in the actual three-
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dimensional Cartesian geometric space. This parametric space is two-

dimensional, even though the surface exists in three-dimensions, and it is 

defined in a topological level by the parameters U and V (Kolarevic 2003). 

 

Therefore the b-spline surface was set as a class of 3D points, which were 

acquired in relation to the agent’s changing U, V coordinates within this 

parametric space. Because the method used was based on a bottom-up 

approach, the topology of the points on the surface needed not be explicitly 

specified. The aim was to set the path on which the agent would walk. That 

was made possible by defining the b-spline equation which was consequently 

“fed” with the agent’s U, V coordinates (ranging from zero to one).   

 

Subsequently, given the following information:  

1. a set of m+1 rows and n+1 control points pi,j, where 0 <= i <= m and 0 
<= j <= n 

2. a knot vector of h + 1 knots in the u-direction, U = { u0, u1, ...., uh } 
3. a knot vector of k + 1 knots in the v-direction, V = { v0, v1, ...., vk } 
4. the degree p in the u-direction and  
5. the degree q in the v-direction 

the b-spline equation is defined as follows: 

p�(u,v)= ��
i� 0

m

�
j� 0

n

Ni,p��u��Nj,q��v��p��i, j�
 

where Ni,p(u) and Nj,q(v) are the B-spline basis functions of degree p and q 

respectively and p(i,j) the array of nxm control points. The resulting p(u,v) 

gives the point on the surface for the specified U, V location of the agent. The 

number of knots in u and v direction is associated with the number of control 

points and the basis function’s degree in each direction is respectively 

described by the equation: h = m + p + 1 and k = n + q + 1. Furthermore, the 

basis functions obey to the following recursive rule: 

Ni,p��u� � �
1, if ui � u� ui� 1

0, otherwise  

and 

Ni,p��u� �
u� ui

ui� p � ui
�Ni,p� 1��u� �

ui� p� 1� u
ui� p� 1 � ui� 1

�Ni� 1,p� 1��u�
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for the u-direction and alike for the v-direction. 

As mentioned before, the above equations accept u and v values that span 

from 0 to 1, with the definition of the intermediate steps playing an important 

role, as it will be shortly shown. Eventually the class that sets the agent’s path 

on the b-spline surface works as follows:  the agent “feeds” the b-spline 

equation with a specific (u,v) value characterizing  its current position, the 

script runs through a double loop that calculates the b-spline equation for all 

the control points (for 0� i� m and 0� j� n) and it finally provides a 3D vector 

that corresponds to the agent’s specific location on the surface (Appendix I). 

Consequently, except from the class Path, two more classes were used: one to 

specify 3D points (class Point3) and a second for vector manipulations (class 

Vector). The basis functions were given as separate functions inside the script 

(Appendix II). 

 

By setting the b-spline surface as a series of possible points the script achieves 

in providing a full representation of the b-spline surface without predefining 

the topology of the tessellation’s nodes in advance. The agent is free to walk 

on the surface and occupy every possible position, but it will only place a node 

where its calculations will specify an optimum location for that point to be 

placed. Therefore, the next step in the scripting process was to define the 

agent’s behaviour in regard to the calculation of the b-spline surface’s local 

curvature conditions.  

 

The agent’s class was based on traers.physics library (a particle system 

physics engine for Processing). Via this library the agents could be treated as 

particles positioned on the surface, while their position could be easily 

manipulated by using the inbuilt functions of the library. To “read” the 

surface, three agents are set on it: one on the u-axis, one on the v-axis and one 

walking the surface in both u-v (diagonally). At first the agents in u-axis and 

v-axis check the top and left edge of the surface respectively and place the 

initial tessellation nodes. These nodes are then regarded as the departure points 

for the agent walking in u-v direction. The later creates diagonal paths, 

beginning from the points set previously, on which it places the rest of the 
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surface nodes. At the end of the procedure the entire surface is populated with 

points that occupy the tessellated mesh’s nodes. 

 

 Each agent is characterized by the path it walks on (described above) and 

three particles defining its current position, its consequent position (which 

depends on the agent’s predefined sample step on the surface) and the point on 

the surface in between the prior two.  Those positions are acquired by the 

following elaborated procedure during which three vectors are set on the 

surface by using the b-spline surface path. Each agent is given an initial u,v 

position (th1,th2) [the first being (0,0), which corresponds to the upper left 

corner of the surface] and is directed to take a predefined sample step (stepx/y) 

in the next position on the u,v parametric space. For the agent in the u-axis the 

next position is (th1+stepx,th2), for the one in v-direction it is (th1,th2+stepy) 

while for the third agent in the diagonal it is (th1+stepx,th2+stepy). A third 

intermediate position is taken, only now the stepx and stepy are replaced by 

stepx/2 and stepy/2/ These new points correspond to the u,v 2D coordinates 

feeding the b-spline equation of the path class, which in turns provides the 

appropriate 3D coordinates of the points on the surface.   

 

Having set those three points on the surface, the agents are directed to 

calculate the deviation that a speculative flat tile -with edge starting at the 

origin point and ending to the next point- would have from the curved surface.  

This deviation is measured based on the distance between the middle point of 

the line that connects the origin to the next point and the intermediate point on 

the surface, calculated by the half sample steps. The calculated deviation 

(error) is then compared to a predefined deviation threshold. If the measured 

error is smaller than the acceptable one or the length between the next point 

and the origin is smaller than a globally regulated acceptable size, then the 

agent retains its current position (origin), but it sets its consequent position 

two sample steps ahead. This rule applies recursively, and every time the 

above conditions hold the agent increases its perspective next position by a  
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Figure 18: How the agent takes sample steps and calculates the deviation 



TESSELLATION OF ARBITRARILY SHAPED OBJECTS 

 

MSc AAC 2005-2006                                                                                                31 

sample step5. When the above conditions seize to apply, the agent starts 

moving its “next position” backwards by 1/10th of the predefined sample step, 

checking each time recursively until either the length or the deviation are 

smaller or equal to the acceptable ones6. When that happens it places a node at 

the “next position”, and applies again the methodology, having now as its 

current position (origin) the one that was previously stated as “next” 

(Appendix III). 

 

In every running loop the script will force the agents to place one node on the 

top and one on the left edge of the surface by two updating functions for the 

agents in u-axis and v-axis respectively. During the same loop and with these 

two nodes as their starting points, two other agents walk in the u-v direction, 

placing nodes in the equivalent diagonals, based on a third updating function. 

The programme ends up by having populated the entire surface with points 

that will constitute the tessellation nodes, which are exported as arrays. Those 

arrays are then fed in an independent script that connects them into quads, to 

create the final result of the quadrilateral tessellated surface. 

 

                                                           
5 That means that if,  for example, the current position in the u-axis is (th1,0), the perspective 
next position  will be  (th1+stepx,0) -> (th1+2*stepx,0) -> (th1+3*stepx,0) etc, as long  as the 
predefined conditions are being fulfilled.  
6 Again, if the conditions do not apply for the next, then the agent steps back so that its 
perspective position becomes (th1+3*stepx-stepx/10,0) -> (th1+3*stepx-2*stepx/10,0) -> 
(th1+3*stepx-3*stepx/10,0) until either the deviation or the length are under the threshold.  

Figure 19: Two different quadrilateral tessellation methods 
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Figure 20: Nodes placed on b-spline surface and control points – front and side view   
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        Figure 21: Tessellated Surface where agent’s diagonal path = tile’s diagonal 

Figure 22: Tessellated Surface where agent’s diagonal path = tile’s edge (optimum method) 
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Figure 23: Various views of the optimum tessellated method 
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4.3 OBJECTIFYING THE METHODOLOGY 

 

4.3.1 SAMPLE STEP SIZE AND OPTIMAL DEVIATION (ACCEPTABLE ERROR)  

 

The ‘walking agent’ method presented above achieves tessellating any given 

b-spline surface, when provided with its array of control points and its knot 

sequence both in u and v direction. But, besides this data, a very important 

role is played by the global variables that define the sample step as well as the 

acceptable deviation (error) from the surface in u, v and u-v direction. To 

objectify the methodology and make it applicable one needs to set some rules 

on how to choose these sample steps and the optimal deviation in order to 

always have the best possible results. 

 

As explained before the u and v coordinates may run from zero to one. That 

means that the intermediate sample steps taken should ideally be smaller or 

equal to 0.1, which represents the 1/10th of the surface’s span. When initially 

applying this methodology to tessellate the surface, it was thought that the 

smaller the predefined sample steps, the more accurate the ‘reading’ of the 

surface would be and therefore the better the tessellating results. But as it will 

be shown later, when the method was tested and various sample sizes were 

used, it became clear that not only were bigger sample steps faster, but they 

also provided a more precise tessellated result. In fact, as the sample step 

approaches 0.1 the number of samples steps taken in order for one node to be 

placed decrease exponentially, while the number of final points actually 

placed on the surface increases (analytic diagrams and explanations are given 

in section 5 of the thesis). Based on those experiments, the best initial sample 

step that can be used during the tessellation procedure equals 0.05. 
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Figure 24:  
Various 
Sample Step 
Sizes 
and resulting  
points 
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In addition to that an optimal deviation from the curved surface had to be set. 

Once more a series of tests were carried out, based on different predefined 

acceptable errors.   The problem was that when the specified tolerable 

deviation was set too high, the opposite nodes of the bigger quadrilateral tiles 

would have a considerable different z coordinate (height) which resulted in the 

tile being bended along the diagonal connecting those two points.  As the 

acceptable error was set to smaller units, the less this phenomenon occurred. 

But if the conventional deviation is too small then the created tiles are too 

small which is not always desirable.  In that case, if the algorithm deals with a 

grid member structure, then one might increase the error tolerance along with 

the grid’s gutter height. That will allow for the tile to be cut aclinic, as its 

nodes’ height difference will be assimilated by the gutters height.  In any other 

case the desirable deviation needs to be decreased. The programmatic 

experiments conducted for this thesis showed that a deviation between 0.03 

and 0.05 for the u-axis and v-axis and between 0.05 and 0.07 for the diagonals 

give the best results. Unfortunately no rule of thumb that connects the optimal 

deviation with the sample step can be set, as they are not interconnected: a 

bigger deviation will still give poor tessellation results regardless of the size of 

the sample steps.  

 

The application of the objective rules analyzed above provides an initial 

platform for the user to start using the algorithm. But the unique manipulation 

of the rules in order to meet the demands of different projects may result to the 

customization of the code, where the specific global variables can link each 

project’s unique parameters to the algorithm. 

 

4.3.2 ACCEPTABLE TILE SIZE AND MATERIAL SIMULATION   

 

Equally important to the global variables analyzed in the previous paragraphs, 

is the acceptable tile size that defines the tolerable distance between two nodes 

on the surface. This variable plays a double role: it assures that the nodes 

placed on the surface create a more regular mesh and also it indirectly imports 

material simulation in the tessellating generative process. 
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By importing an acceptable maximum distance between the nodes, the 

algorithm initially forces the agents not to overstep big sections of the surface 

where the error is negligible without placing a node. That is essential, as 

otherwise the continuously changing curvature of a b-spline surface could 

result in agents placing 50 nodes on one diagonal, while only 10 on its 

neighbouring. This would subsequently cause asymmetries and awkward tiles 

on the tessellated mesh. On a second level this restriction allows the 

implementation of inbuilt material constraints inside the script. Hence, if the 

material to be used is known, then the designer may specify in advance the 

maximum length of the tile’s edges or diagonal, so that the strength of the 

component’s quadrilateral profile will meet the material’s tolerances. In that 

way, the material is considered during the tessellation process and contributes 

to the final result. Furthermore, this also provides another way of customizing 

the algorithm by a global variable (by only manipulating a number without 

interfering with the rest of the code) to fit different parameters for different 

projects. 
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5. COMPARATIVE TESTING 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As the hypothesis of this thesis has been transformed into a comparable tool, it 

was essential that it was tested against the current methods used to address 

tessellation issues. The difficulty to be confronted was that there is no standard 

algorithm used to tackle this kind of problems. Furthermore the comparison 

had to be made relatively to two main clauses: that a bottom-up approach 

might provide as accurate results as a top-down and moreover that the 

proposed ‘walking agent’ bottom-up method could compete with other more 

traditional ones.  For that reason it was decided that the evaluation would be 

made in relation to two algorithms: the global top-down method used by Chris 

Williams for the British Museum’s Great Court Roof and the most common 

bottom-up gradient descent (hill climbing) algorithm. The prior is also 

representative of the most classic approach used for tessellation problems, as it 

has set an example in that field and would therefore give interesting 

comparative results. The later characterizes a more conventional bottom-up 

approach which could be also used to address the problem. 
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5.1 WALKING AGENT METHOD & TOP-DOWN APPROACH 

 

In order to conduct the assessment two more algorithms were written. The first 

emulated Chris William’s method. For that a simple mathematical grid was set 

upon the initial b-spline surface. To achieve that the code uses a double loop 

for u and v parameters that increase by a standard value. Another function is 

then used to select specific nodes from that quadrilateral grid and create a 

triangular one (again through a double loop). To make the scheme more 

flexible it was decides to set the increments of u and v parameters in relation 

to the total number of equally space points placed on the rectangular 

boundary. Thus, by only changing the number of divisions (one global 

variable) the entire grid rearranges itself to fit the new parameters. After 

having created the grid, particles from the traer.physics library were placed on 

each node. The relaxation function written imitates the original one: each node 

(or better the particle on that node) calculates the deviation measured from its 

origin to its four neighbouring nodes.  

 

 

 

Those calculated “errors” are then evaluated against an acceptable threshold. 

If even one of them exceeds it, then they are all compared in pairs (for u and 

Figure 25: Named nodes on the mesh 



TESSELLATION OF ARBITRARILY SHAPED OBJECTS 

 

MSc AAC 2005-2006                                                                                                41 

v), and the node is relocated accordingly towards the direction that would 

minimize the deviation. For example if U is the u-coordinate of the testing 

node, V its v-coordinate, errorua, errorub, errorva, errorvb the measured 

deviation from the nodes (U+1,V), (U-1,V), (U,V+1) and  (U,V-1) 

respectively  and either of those four deviations is greater than a predefine 

threshold, then the node with parametric coordinates (U,V) will move 

according to the following equation: 

 

U=U+/-w*( erroru a+erroru b) 

and 

V=V+/-w*( errorv a+errorv b) 

 

The sign depends on which of the two deviations is greater7 and w is a weight 

coefficient that regulates the convergence of the process. The above function 

checks every node in each loop, moves it accordingly and recalculates the 

deviations in the next loop based on the new positioning of the nodes. In the 

surface tested the convergence was almost instantaneous,   with a weight 

coefficient valued between 0.001-0.006, dependent on the number of the 

predefined nodes. (Appendix IV). 

 

The previously presented top-down method seems to work fine, the problem 

being that what it is actually doing is equalizing the forces between the nodes, 

and not the deviation. Because the topology of the nodes is predefined, their 

total number does not change during the procedure. This results in a structure 

calculation that cannot regulate the deviation beneath a certain threshold, but 

can only move the pre-existing nodes in such a way so that these deviations 

reach an equilibrium. By comparing the final deviation in u,v diagonal for the 

‘walking agent’ method and in u-axis, v-axis for the top-down approach, the 

consequent diagrams were drawn.   

                                                           
7 If errorua>errorub then the sign is positive and vice versa. The same for errova and errorvb. 
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The results show that while in the ‘walking agent’ method the deviation is 

always under the specified threshold, in the top-down approach the error 

diverges from the desirable one, while having a mean value that is close to it. 

The problem here remains the need for a pre-specified topology, in order for 

the method to work. It is nonetheless an extremely good way to solve the 

problem based on structural calculations, but it is quite constraining if 

somebody wants to define a specific deviation without having a very dense 

grid. In this case the top-down approach encounters difficulties, as it cannot 

adapt the number of tiles to the local curvature (because the number of nodes 
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is predetermined it needs to increase the initial equally spaced points, thus 

increasing exponentially  the total number of nodes). On the other hand, the 

‘walking agent’ method proposed can produce denser tiling only to the parts of 

the surface where the curvature is greater, while sustaining a specific deviation 

in a global scale. 

 

 

 

Figure 26: Tessellation of the b-spline surface made by the top-down approach.  
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Figure 27: Final tessellation results from the top-down approach 
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5.2 WALKING AGENT METHOD & GRADIENT DESCENT 

ALGORITHM 

 

The gradient descent algorithm was set upon the ‘walking agent’ method, the 

difference being the calculation of the next step taken. In the ‘walking agent’ 

method the agent walks on standard small sample steps until it finds the 

optimum location of the node in regards to the acceptable deviation and tile 

size. In the gradient descent algorithm the agent places a node after calculating 

an equation that incorporates the previous two sample steps taken: 

Stepa
Deviationa

�
Stepa� 1� Stepa� 2

Deviationa� 1� Deviationa� 2  

where Stepa  is always the next step taken, Deviationa the standard optimal 

deviation (defined before between 0.05-0.07), and Stepa-1, Stepa-2 the previous 

two steps taken with the sum of their measured deviations as the denominator.  

(Appendix V). What the gradient descent algorithm does is sampling the next 

node placement with regard to the previous results measured. Thus 

convergence is reached by estimating the prior two samples. It still calculates 

local curvature conditions, but in a relational way. That, compared with the 

fact that the curvature of a b-spline surface changes constantly, has as a result 

the agent to overstep some curve inflations during his walking.  

 

 

In that method the first sample step taken is crucial, because it is taken 

arbitrarily and -as it will be shown- gives very different tessellation results. 

This method was tested because it was thought to run faster, as it calculates 

two sample steps in every loop to place a node. The following diagrams 

Figure 28: How an agent can overstep curve inflations in gradient descent 
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initially sought to find a relation between the number of sample steps taken in 

the proposed ‘walking agent’ method in order to finally place a node. The 

number of sample steps for placing a node was calculated in relation to the 

predefined initial sample. The ultimate goal was to associate the number of 

sample steps in regards to the initial sample step size and find a kind of 

pattern. This needed to be tested, as the gradient descent algorithm needs only 

to calculate two samples to place the node, while the ‘walking agent’ method 

takes much more. It was initially thought that the presented ‘walking agent’ 

algorithm has to set a very small sample step, in order to make a precise 

tessellation of the surface. The comparative tests showed that this was not a 

valid assumption. Indeed, as the sample step approaches 0.1, the less number 

of total samples need to be taken in order to assign a node. 
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The above diagrams suggest an exponential decrease of the total number of 

sample steps, as the predefined sample comes within reach of 0.1. The mean 

number of samples taken for each step is -in that case- around ten. On the 

other hand much fewer samples (just two) are taken for every node placement 

in the gradient descent. An interesting observation was that as the sample step 

increases, so does the total number of nodes placed on the surface. The 

tessellated results showed that while in the ‘walking agent’  method this 

increment of nodes provides a more accurate and uniformed tessellation of the 

surface, in the gradient descent the same increase of nodes results in an 
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asymmetric grid, where some points are put too far apart while other too close 

together, regardless the actual deviation. 

 

 

The next tests between the two methods were conducted in regard to the final 

measured deviation for each node of the surface. The comparisons showed that 

for the same initial step, the ‘walking agent’ method had a final deviation 

measurement that never exceeded the desirable (which was taken as 0.03). 

Additionally a sort of periodical pattern has been observed in the way the final 

error fluctuated. Also as the sample step increased, the deviation decreased.  

 

At the same time the gradient descent method presented diversions over that 

threshold, some of them being as big as 1.4 (the acceptable deviation being 

0.03), but the mean deviation was set around the desired one. Furthermore, the 

greater the initial sample step, the more the over-calculated deviations. The 

problems observed here regarded the accuracy of the method, as in many cases 

it failed to provide a correct tessellation pattern. The final tessellated results 

were not always the desirable. Indeed the initial hypothesis -that it would 

overstep curve inflations and would not actually calculate the appropriate 

deviations- has proven to be correct. The diagrams bellow show more 

accurately the test results. 
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The final assessment of the two algorithms was made a propos their O(n) 

notation, which reflects the asymptotic behaviour of the function and is used 

for analyzing and comparing algorithms for efficiency. The O refers to the 

time (or number of steps) the algorithm takes in order to complete a problem 

of size n. In this case the time O will be defined by the total number of sample 

steps to be taken to complete the tessellation, while the size of the problem is 

defined by the total number of nodes placed, which has been associated with 

the initial step size.  
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The ‘walking agent’ method is described by an exponentially descending O 

notation8 O��en�  while the gradient descent algorithm has an ascening 

quadratic O notationO��n2� . In general a quadratic run time is preferable than 

an exponential – an observation that has been expected in relation to the way 

the two algorithms work. But for the optimal range of sample sizes (around 

0.01-0.05) the two algorithms are roughly equivalent.  

 

 

                                                           
8 The fitting of the variables was made using MatLab, and the fitting exponential function was 

found to be   f(x) = a*exp(b*x) + c*exp(d*x) with coefficients : 

       a = 2.852e+004 (-4.105e+004, 9.808e+004) 

       b = -446.6 (-3071, 2178) 

       c = 6268 (-1.753e+004, 3.007e+004) 

       d = 5.899 (-41.21, 53) 

(with 95% confidence bounds) 

 

Figure 29: Example of gradient descent’s node placement on a b-spline surface 
 – front  view 
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Figure 30: Example of gradient descent’s node placement on a b-spline surface 
 – side view 
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6. DATA ANALYSIS AND CRITICAL ASSESSMENT 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6.1 RESEARCH OUTCOME AND FIELD APPLICATIONS  

 

After having created and tested the ‘walking agent’ algorithm capable of 

tessellating arbitrarily curved surfaces, one could now consider an overall 

review of the tool. More specifically, it is imperative that the ‘walking agent’ 

method is assessed with reference to its success in addressing the research 

questions and its efficiency relatively to the methods it was compared with. 

Furthermore this overview should also refer to the relevance of those results to 

the field and the tool’s practical efficacy. 

 

6.1.1 ACHIEVED GOALS 

 

Regarding the first question of the hypothesis concerning the effectiveness of 

a new bottom-up approach to address tessellation issues, the results have been 

quite satisfactory. The analysis and testing of the ‘walking agent’ method 

showed that not only the new algorithm is efficient enough to explore and 
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adequately tessellate b-spline surfaces, but in some cases it may give a more 

proficient final result, especially in cases where the topology of the nodes is 

difficult to be predefined. More specifically, if the designer wishes to apply a 

specific maximum deviation threshold for every node on the system without 

minimizing the size of all the tiles on the surface, then the comparative tests 

showed that the ‘walking agent’ method would give him/her better results. 

That is due to the fact that the new algorithm adapts the size of the tiles to the 

local curvature conditions, thus giving a denser grid were the curvature is 

higher, and vice versa.   On the contrary, the top-down approach studied 

would -in that case- increase the node density throughout the surface. But  if 

the deviation from the curved surface is allowed to diverge within limits and 

the node topology must be specified (due to structural constraints), then Chris 

William’s method provides a more competent solution.   

 

On the subject of code customization and material simulation -posed by 

questions three and four- the ‘walking agent’ algorithm has succeeded in 

incorporating both by the use of certain global variables. Those variables are 

capable of linking specific project parameters to the code –such as desirable 

maximum deviation or tile size- thus algorithmic customization is achieved 

just by changing explicit factors and not the entire code. Furthermore, material 

simulation may be achieved in a premature level, by specifying maximum 

acceptable node distances and taking into consideration the chosen material’s 

profile tolerances. In that way the code incorporates a sort of metadata into the 

tile fabrication procedure. 

 

Finally, concerning the fifth research question and the effectiveness of this 

innovative bottom-up approach against more traditional ones, the comparative 

tests demonstrated that the proposed approach (using standard sample steps) is 

more proficient than the more traditional gradient descent method (which is 

using proportional sample steps to explore the surface) as far as the final 

tessellation results are concerned. But the comparison has also confirmed that 

the ‘walking agent’ method runs slower than the gradient descent algorithm, 
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and it only approaches its running time efficiency for an optimal sample step 

scope. 

 

6.1.2 PROBLEMS TO BE RECONSIDERED AND FIELD APPLICATIONS 

 

The ‘walking agent’ algorithm encountered a quite challenging setback 

regarding the second research question: that of quadrilateral versus triangular 

tessellation. This entire scheme has been scrutinized under the hypothesis that 

the final grid would have been quadrilateral, mainly for budgetary restrictions 

analyzed in the methodology. However, when creating the final tessellated 

virtual model based on the code’s exported nodes’ coordinates, it has been 

observed that not all the tiles where flat. As explained before, some of them 

were presenting a small angled bending along their diagonal. Unfortunately 

that means that if the tessellation refers to “skin tiles” and not skeletal 

structures, the designer has to reduce the acceptable deviation, which will 

result to smaller sized tiles.  

 

As far as the field applications are concerned, this programmatic tool could be 

useful in current practice for two reasons. The first is that it is an easy tool to 

use: the designer needs only to import the b-spline surface’s array of control 

points and knot sequence and specify a desirable maximum tile and deviation 

size. The second reason has to do with the fact that the final product may be 

exported both as a DXF file and subsequently be manipulated in a CAD 

package, or the tiles’ node coordinates may be exported and transferred 

directly to a CNC machine. That means that the code can directly connect its 

final virtual product to manufacturing. Nonetheless a small Processing routine 

would have to be written. That  would takes each tile’s given coordinates from 

the 3D model, exalt them to a new orthogonal system in relation to the tiles 

upper left corner , assign a unique code to them and -if the tile is bended- 

unfold it and measure its folding degree. 
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7. FUTURE DEVELOPMENT 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Although the algorithm succeeded more or less in addressing all the research 

issues reported to the hypothesis, there are still quite a few refinements to be 

made. The most important would be to extend the agents walking into a 2D 

problem. At the moment the agents may advance along the u-axis, the v-axis 

or the u-v diagonal, sapling and placing the nodes. This method was useful as 

it gave good results and could be easily compared to the gradient descent 

algorithm. A future advance of the code could be to have the agents sampling 

the surface by checking the deviation both in u and v direction, and not 

specifically on the diagonal. That would allow for a more in-depth exploration 

of the surface. Additionally, it would be quite useful if the starting point for 

the agents was not set as the surface’s upper left corner, but as the point where 

the curvature is greater. This is purely speculative, but it is considered that it 

might provide better tessellation results.  

 

Another significant parameter that was not considered in this algorithm was 

the tiles’ width - if indeed the code deals with tilling a skin rather than creating 

a modular structure. The width of the tiles could be specified by setting the 

normal vector on each node and calculating a particular width distance. In the 
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case that not all the tiles have an equal depth, a piece of code should be 

scripted to regulate those differences. This would provide a more complete 

tool for surface panelization. Finally, as regards the material simulation, it is 

present but in a quite undeveloped stage. That means that a future version of 

the code should take into account not only the material’s tolerance and the 

strength of the component’s profile (based on a global variable) but also the 

load bearing limitations as well as the environmental conditions (wind, gravity 

etc). This could be made possible by using evaluative techniques in testing the 

components performance under various circumstances (possible use of finite 

element analysis studies).  Under that spectrum the incorporation of metadata 

in the script will be more valuable, as it will additionally allow for structural 

calculations.  
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8. CONCLUSION  

 

 

 

 

 

 

 

 

 

 

 

 

This thesis was set to explore the creation of a new tool that would address 

tessellation issues encountered in the creation of arbitrarily curved surfaces. 

Although this problem is commonly encountered in current architectural 

practice, there is no standard way of approaching it, no optimum algorithmic 

tool and thus no fixed solution. Therefore it was decided that this research 

should explore a new tactic. As the methods used previously usually 

incorporated top-down techniques, the new algorithm was set on the grounds 

of a novel bottom-up approach. 

 

Section one of the dissertation sets the foundation of the argument, providing 

an explicit presentation of the aims and objectives of this research. It sets the 

goals of a bottom-up approach that would create a quadrilateral tessellated 

mesh by incorporating material metadata.  Section two lays down the 

background, by introducing the reader to the core aspects of the problem in 

current practice. The presentation of two built examples illustrates previous 

related work from the field. In the third section a comparison of the top-down 

versus the bottom-up approach was given, while the analysis of agent’s 
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behaviour tried to show how he later may provide a more adequate solution to 

the research terminus. 

 

In the subsequent three sections the paper presented the final tessellation 

algorithm, compared in relation to a) a pure top-down technique and b) a more 

traditional bottom-up approach and provided a critical assessment of the final 

results.  On the subject of the efficiency of a bottom-up tessellation algorithm 

against a top-down methodology the thesis portrayed how they could both be 

used to tackle differently defined problems. The ‘walking agent’ proposed 

method (in contrast to a top-down approach) needs not a predefined topology 

to work on and it may successfully regulate the acceptable deviation 

throughout the surface by using an adaptive tessellation technique. On the 

other hand the top-down approach provides excellent results if the 

predefinition of the topology is a crucial aspect of the project. Concerning the 

ability of the algorithm to provide quadrilateral tile generation, the tests 

showed that this is possible, but under specific conditions in regards to the set 

acceptable tile deviation. 

 

Concerning the questions of code customization and embedded material 

metadata, the final tool demonstrated potentials in achieving both, but is still 

in a primitive stage. Indeed, the use of specific global variables inside the code 

allowed for a potential adaptation of the tool for various projects as well as for 

circuitous material simulation. Finally, as far as the efficiency of the code 

against more traditional approaches to the solution is concerned, the 

comparative tests suggested that the ‘walking agent’ method proposed is more 

proficient in regard to the more traditional bottom-up gradient descent 

approach, but slower. Maybe some future refinements of the gradient descent 

code could also provide better tessellation results. Also, based on the given 

optimization criteria, it may bare some assets against the quite dexterous top-

down technique used by Chris Williams for the creation of the British 

Museum’s Great Court Roof. The eighth section of the thesis explored 

possible future ameliorations of the code. 
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Ultimately this dissertation was not only in search of the creation of a new 

computational tool, but it also sought to establish a new relation between 

architectural design and production, made possible only through 

programming.  Eventually, in some cases it is only through the manipulation 

of a customized code and by thinking as a programmer that the designer may 

become a true creator. 

 
 Figure 31: Program’s snapshots: gradually setting the nodes on the surface 
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APPENDICES 

APPENDIX I: ‘WALKING AGENT’ METHOD – CLASS PATH 

 
class Path{ 
   
  // Constructor 
  Path(){ 
  } 
 
  // Methods 
   
//feed the b-spline equation with the 2D u,v parametric coordinates th_1, th_2 
vector3 M_getPointAt(float th_1, float  th_2){ 
 
vector3 p = new vector3(); 

    
   Point3 pt = new Point3(0,0,0); 
   
//based on the given (u,v) coordinate, calculate the b-spline equation for the all 
the //control points 
    for (int k = 0; k <ctrl_ptsU.length; k++) { 
          for (int m = 0; m <ctrl_ptsV.length; m++) { 
 
//get new 3D point based on 2D u-v parametric coordinates 
       Point3 pk = new Point3(ctrl_pts[k*ctrl_ptsU.length+m]); 
 
//multiply each point coordinate with the value returned from 
basisn(u,k,degree) 
       pk.scale(basisnU(th_1,k,degreeU)*basisnV(th_2,m,degreeV)); 
       pt.add( pk ); 
  
     } 
    } 
    
//give the final point on the surface 
    p.x =pt.m_pt[0];//x 
    p.y =pt.m_pt[1];//y 
    p.z =pt.m_pt[2];//z 
    
     
   return p; 
  } 
   
} 
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APPENDIX II: ‘WALKING AGENT’ METHOD – BASIS FUNCTIONS 

 
//set the basis functions in u-direction, based on the mathematical formula 
//u defines the current u-coordinate, k the control point d the degree of the b-
spline //surface in u 
float basisnU(float u, int k, int d) { 
  if (d == 0) { 
    return basis0U(u,k); 
   } 
  else { 
    float b1 = basisnU(u,k,d-1) * (u - knotsU[k]) / (knotsU[k+d] - knotsU[k]); 
    float b2 = basisnU(u,k+1,d-1) * (knotsU[k+d+1] - u) / (knotsU[k+d+1] - 
knotsU[k+1]); 
    return b1 + b2; 
   } 
 } 
float basis0U(float u, int k){ 
  if (u >= knotsU[k] && u < knotsU[k+1]){// &&  knotsU[k]<knotsU[k+1] ){ 
    return 1; 
  } 
  else{ 
    return 0; 
  } 
} 
//set the basis functions in v-direction, based on the mathematical formula 
//u defines the current v-coordinate, m the control points and d the degree of 
the b-spline  
//surface in v 
float basisnV(float v, int m, int d) { 
  if (d == 0) { 
    return basis0V(v,m); 
   } 
  else { 
    float b1 = basisnV(v, m, d-1) * (v - knotsV[m]) / (knotsV[m+d] - 
knotsV[m]); 
    float b2 = basisnV(v,m+1,d-1) * (knotsV[m+d+1] - v) / (knotsV[m+d+1] - 
knotsV[m+1]); 
    return b1 + b2; 
   } 
 } 
float basis0V(float v, int m){ 
  if (v >= knotsV[m] && v < knotsV[m+1]){//&&  
knotsV[m]<knotsU[m+1]){ 
    return 1; 
  } 
  else{ 
    return 0; 
  } 
} 
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APPENDIX III: ‘WALKING AGENT’ METHOD – CLASS AGENTS 

 

class Agent{ 
 
  //standard sample steps in u,v 
  float   m_th1,m_th2,m_th3,m_th4; 
   
 //declare vectors on origin, next, center position 
 vector3 m_pos;//   = origin vector3();  
  vector3 m_origin;// = origin vector3(); 
  vector3 sm_originPos = new vector3(); 
  vector3 m_next; 
  vector3 sm_nextPos = new vector3(); 
  vector3 m_center; 
  vector3 sm_centerPos = new vector3(); 
 
  float   m_size; 
  int l; 
 
 //declare walking path = b-spline surface  
Path   m_path; 
 

//declare Particles on origin, next and center position in u-axis, v-axis, u/v 
diagonal 
  Particle m_particle_originX; 
  Particle m_particle_nextX; 
  Particle m_particle_centerX; 
   
  Particle m_particle_originY; 
  Particle m_particle_nextY; 
  Particle m_particle_centerY; 
   
  Particle m_particle_originXY; 
  Particle m_particle_nextXY; 
  Particle m_particle_centerXY; 
 
 ////constructor//// 
  
Agent(Path path, Particle particle_origin, Particle particle_next, Particle   
 particle, float bsize){ 
    m_path  = path; 
    m_th1   = knotsU[degreeU];  
    m_th2   = knotsV[degreeV];  
    m_size   = bsize; 
   
    m_particle_originX = particle_origin; 
    m_particle_nextX = particle_next; 
    m_particle_centerX = particle_center; 
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    m_particle_originY = particle_origin; 
    m_particle_nextY = particle_next; 
    m_particle_centerY = particle_center; 
     
    m_particle_originXY = particle_origin; 
    m_particle_nextXY = particle_next; 
    m_particle_centerXY = particle_center; 
     
    } 
  
 ////methods//// 
   
  //calculate error in u direction 
   float errorX(float a, float b){ 
 
  //set where the origin, next and center position will be on the path 
    m_next    = m_path.M_getPointAt(m_th1+stepx, m_th2); 
    m_origin = m_path.M_getPointAt(m_th1-a*stepx, m_th2); 
    m_center = m_path.M_getPointAt(m_th1+(stepx/2)-(b*stepx/2), m_th2); 
              
    pushMatrix(); 
    sm_originPos.x = (m_origin.x); 
    sm_originPos.y = (m_origin.y); 
    sm_originPos.z = (m_origin.z); 
    popMatrix(); 
     
    pushMatrix(); 
    sm_nextPos.x = (m_next.x); 
    sm_nextPos.y = (m_next.y); 
    sm_nextPos.z = (m_next.z); 
    popMatrix(); 
 
    pushMatrix(); 
    sm_centerPos.x = (m_center.x); 
    sm_centerPos.y = (m_center.y); 
    sm_centerPos.z = (m_center.z); 
    popMatrix(); 
      
// set the particles on those positions 
   
m_particle_originX.moveTo(sm_originPos.x,sm_originPos.y,sm_originPos.z); 
   m_particle_nextX.moveTo(sm_nextPos.x,sm_nextPos.y,sm_nextPos.z); 
    
m_particle_centerX.moveTo(sm_centerPos.x,sm_centerPos.y,sm_centerPos.z)
; 
    //calculate deviation in u 
    float errorX =  
                dist((m_particle_originX.position().x()+  
m_particle_nextX.position().x())/2, 
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                        (m_particle_originX.position().y()+ 
m_particle_nextX.position().y())/2, 
                        (m_particle_originX.position().z()+ 
m_particle_nextX.position().z())/2, 
                         m_particle_centerX.position().x(), 
                         m_particle_centerX.position().y(),  
                         m_particle_centerX.position().z()); 
 
                       return errorX; 
    
 
   } 
    
//calculate error in v direction 
   float errorY(float a, float b){  
      
  //set where the origin, next and center position will be on the path 
    m_next    = m_path.M_getPointAt(m_th1, m_th2+stepy); 
    m_origin  = m_path.M_getPointAt(m_th1, m_th2-a*stepy); 
    m_center  = m_path.M_getPointAt(m_th1, m_th2+(stepy/2)-(b*stepy/2)); 
     
    pushMatrix(); 
    sm_originPos.x = (m_origin.x);//set x,y,z based on previous point m_origin 
    sm_originPos.y = (m_origin.y); 
    sm_originPos.z = (m_origin.z); 
    popMatrix(); 
     
    pushMatrix(); 
    sm_nextPos.x = (m_next.x);//set x,y,z based on previous point m_origin 
    sm_nextPos.y = (m_next.y); 
    sm_nextPos.z = (m_next.z); 
    popMatrix(); 
     
    pushMatrix(); 
    sm_centerPos.x = (m_center.x);//set x,y,z based on previous point m_origin 
    sm_centerPos.y = (m_center.y); 
    sm_centerPos.z = (m_center.z); 
    popMatrix(); 
 
// set the particles on those positions      
    
m_particle_originY.moveTo(sm_originPos.x,sm_originPos.y,sm_originPos.z); 
    m_particle_nextY.moveTo(sm_nextPos.x,sm_nextPos.y,sm_nextPos.z); 
    
m_particle_centerY.moveTo(sm_centerPos.x,sm_centerPos.y,sm_centerPos.z)
; 
       
        
//calculate deviation in u 
 float errorY =  
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                 dist((m_particle_originY.position().x()+ 
m_particle_nextY.position().x())/2, 
                        (m_particle_originY.position().y()+ 
m_particle_nextY.position().y())/2, 
                        (m_particle_originY.position().z()+ 
m_particle_nextY.position().z())/2, 
                         m_particle_centerY.position().x(),  
                         m_particle_centerY.position().y(),  
                        m_particle_centerY.position().z()); 
                  
                return errorY;  
   } 
   
    //calculate error in u-v direction 
   float errorXY(float a,float b) { 
      
  //set where the origin, next and center position will be on the path 
    m_next    = m_path.M_getPointAt(m_th3+stepx, m_th4+stepy); 
    m_origin  = m_path.M_getPointAt(m_th3-a*stepx, m_th4-a*stepy); 
    m_center  = m_path.M_getPointAt(m_th3+(stepx/2)-(b*stepx/2), 
m_th4+(stepy/2)- 
    (b*stepy/2)); 
     
    pushMatrix(); 
    sm_originPos.x = (m_origin.x);//set x,y,z based on previous point m_origin 
    sm_originPos.y = (m_origin.y); 
    sm_originPos.z = (m_origin.z); 
    popMatrix(); 
     
    pushMatrix(); 
    sm_nextPos.x = (m_next.x);//set x,y,z based on previous point m_origin 
    sm_nextPos.y = (m_next.y); 
    sm_nextPos.z = (m_next.z); 
    popMatrix(); 
     
    pushMatrix(); 
    sm_centerPos.x = (m_center.x);//set x,y,z based on previous point m_origin 
    sm_centerPos.y = (m_center.y); 
    sm_centerPos.z = (m_center.z); 
    popMatrix(); 
 
// set the particles on those positions      
    
m_particle_originXY.moveTo(sm_originPos.x,sm_originPos.y,sm_originPos.
z); 
    m_particle_nextXY.moveTo(sm_nextPos.x,sm_nextPos.y,sm_nextPos.z); 
    
m_particle_centerXY.moveTo(sm_centerPos.x,sm_centerPos.y,sm_centerPos.
z); 
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//calculate deviation in u ,v  
 float errorXY = 
                dist((m_particle_originXY.position().x()+ 
m_particle_nextXY.position().x())/2, 
                        (m_particle_originXY.position().y()+ 
m_particle_nextXY.position().y())/2, 
                        (m_particle_originXY.position().z()+ 
m_particle_nextXY.position().z())/2, 
                         m_particle_centerXY.position().x(), 
                         m_particle_centerXY.position().y(),  
                        m_particle_centerXY.position().z()); 
                  
                return errorXY;  
   } 
   
//walking the surface in u,v  direction 
 void M_updateXY1(float a, float b){ 
    
//while u<=1 and v<=1 
  if(m_th3<numOfY-stepx && m_th4<numOfX-stepy){ 
 
//check deviation and distance between nodes 
      xy = errorXY(a,b);  
      distxy=dist( m_particle_originXY.position().x(), 
                          m_particle_originXY.position().y(),  
                          m_particle_originXY.position().z(), 
                          m_particle_nextXY.position().x(), 
                          m_particle_nextXY.position().y(), 
                          m_particle_nextXY.position().z()); 
    
//if both distance and deviation are smaller than the specified threshold 
//take one more sample step and recursively re-check 
 if(xy<accept_errorXY && distxy<accept_sizeXY){  
    m_th3+=stepx; 
    m_th4+=stepy; 
    a++; 
    b++; 
 
 if(m_th3<numOfY-stepx && m_th4<numOfX-stepy){ 
   
    M_updateXY1(a,b,k); 
   } 
   else{ 
   draw_XY (); 
   M_updateXY1(0,0,0);   
   } 
 } 
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//else take 1/10th sample step backwards by entering the Last_point_XY1 
function 
 else{ 
 
     Last_point_XY1(a,b); 
     }     
    }   
  } 
   
  void Last_point_XY1(float a, float b){ 
     
    m_th3-=stepx*0.1; 
    m_th4-=stepy*0.1; 
    a-=0.1; 
    b-=0.1; 
    xy = errorXY(a,b);  
 
//as long as the deviation is bigger than the predefine threshold 
//take one more sample step backwards and recalculate 
   if(xy>accept_errorXY ){  
   Last_point_XY1(a,b,k); 
   } 
 
  //else, draw the node in he location “next” by entering the draw_XY function 
   else{ 
   m_th3+=stepx; 
   m_th4+=stepy; 
   draw_XY (); 
   M_updateXY1(0,0,0); 
   } 
} 
 

//walking the surface in u direction 
  void M_updateX1(float a, float b){ 
 
//while u<=1 
if(m_th1<numOfY-stepx && m_th2<numOfX){ 
 
//check deviation and distance between nodes 
      x = errorX(a,b);  
      distx=dist(  m_particle_originX.position().x(), 
                         m_particle_originX.position().y(), 
                         m_particle_originX.position().z(), 
                        m_particle_nextX.position().x(),  
                        m_particle_nextX.position().y(),  
                        m_particle_nextX.position().z()); 
   
//if both distance and deviation are smaller than the specified threshold 
//take one more sample step and recursively re-check 
    if(x<accept_errorX && distx<accept_sizeX){  



TESSELLATION OF ARBITRARILY SHAPED OBJECTS 

 

MSc AAC 2005-2006                                                                                                75 

    m_th1+=stepx; 
    a++; 
    b++; 
 
 if(m_th1<numOfY-stepx){ 
   
  M_updateX1(a,b); 
   } 
    
   else{ 
   draw_X (); 
   m_th3=m_th1; 
   m_th4=m_th2; 
   M_updateXY1(0,0,0);  
   } 
 } 
//else take 1/10th sample step backwards by entering the Last_point_X1 
function 
 else{  
   
   Last_point_X1(a,b); 
 
     } 
   } 
 } 
 
     
   
   void Last_point_X1(float a, float b){ 
     
    m_th1-=stepx*0.1; 
    a-=0.1; 
    b-=0.1; 
    x = errorX(a,b);  
 
//as long as the deviation is bigger than the predefine threshold 
//take one more sample step backwards and recalculate 
   if(x>accept_errorX ){  
   Last_point_X1(a,b); 
   } 
    
  //else, draw the node in he location “next” by entering the draw_X function 
   else{ 
   m_th1+=stepx; 
   draw_X (); 
   m_th3=m_th1; 
   m_th4=m_th2; 
   M_updateXY1(0,0,0);   
   } 
  } 
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//placing the last boundary line in u-direction 
   void M_updateX3(float a, float b){  
      
   if (m_th1>=numOfY-stepx && m_th2<numOfX ){ 
       
     m_th1=start_th1; 
     m_th2+=numOfX-stepy; 
 
    }     
  } 
   
 //walking the surface in u direction   
void M_updateY1(float a, float b){ 
 
//while v<=1 
    if(m_th2<numOfX-stepy &&  m_th1<numOfY ){ 
 
 //check deviation and distance between nodes 
     y = errorY(a,b); 
     disty=dist( m_particle_originY.position().x(), 
                       m_particle_originY.position().y(), 
                       m_particle_originY.position().z(), 
                       m_particle_nextY.position().x(),  
                      m_particle_nextY.position().y(),  
                      m_particle_nextY.position().z());   
 
//if both distance and deviation are smaller than the specified threshold 
//take one more sample step and recursively re-check 
     if(y<accept_errorY && disty<accept_sizeY){  
     m_th2+=stepy; 
     a++; 
     b++; 
     if(m_th2<numOfX-stepy){ 
     M_updateY1(a,b); 
     } 
     else{ 
      draw_Y(); 
       m_th3=m_th1; 
       m_th4=m_th2; 
       M_updateXY1(0,0,0);  
     } 
   } 
   //else take 1/10th sample step backwards by entering the Last_point_Y1 
function 
    else{  
     
  Last_point_Y1( a,  b); 
 
     } 
    } 
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  } 
   
   void Last_point_Y1(float a, float b){ 
     
    m_th2-=stepy*0.1; 
    a-=0.1; 
    b-=0.1; 
    y = errorY(a,b);  
 
  //as long as the deviation is bigger than the predefine threshold 
 //take one more sample step backwards and recalculate 
   if(y>accept_errorY){  
   Last_point_Y1(a,b); 
   } 
  //else, draw the node in he location “next” by entering the draw_Y function 
   else{ 
   m_th2+=stepy; 
   draw_Y (); 
 
     m_th3=m_th1; 
     m_th4=m_th2; 
     M_updateXY1(0,0,0);  
        
   
   } 
} 
 

//placing the last boundary line in v-direction 
  void M_updateY3(float a, float b){  
      
   if (m_th2>=numOfX-stepy && m_th1<numOfY ){ 
       
     m_th2=start_th2; 
     m_th1+=numOfY-stepx; 
     
    }     
  } 
 
 
//set the line colour to red if the node has been placed when the distance 
between the nodes is bigger than the acceptable size; otherwise set it to black 
void colourX(){  
      if(dist(  m_particle_originX.position().x(), 
                  m_particle_originX.position().y(),  
                  m_particle_originX.position().z(), 
                  m_particle_nextX.position().x(), 
                  m_particle_nextX.position().y(),           
                  m_particle_nextX.position().z())<accept_sizeX){ 
             
            stroke(0,50);            
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            } 
      else{ 
        stroke(255,0,0,150);   
      } 
} 
 
void colourY(){ 
        if(dist( m_particle_originY.position().x(), 
                    m_particle_originY.position().y(), 
                   m_particle_originY.position().z(), 
                   m_particle_nextY.position().x(),  
                   m_particle_nextY.position().y(),             
                 m_particle_nextY.position().z())<accept_sizeY){ 
             
            stroke(0,50); 
            } 
      else{ 
        stroke(255,0,0,150); 
      } 
} 
 
void colourXY(){  
  
if(dist(m_particle_originXY.position().x(), 
           m_particle_originXY.position().y(), 
           m_particle_originXY.position().z(), 
           m_particle_nextXY.position().x(),  
           m_particle_nextXY.position().y(),  
           m_particle_nextXY.position().z())<accept_sizeXY){             
            stroke(0,50);    
            } 
      else{ 
        stroke(255,0,0,150); 
      } 
       
} 
 //functions that draw the nodes of the tessellated mesh and the lines between 
them 
   void draw_X(){  
      pushMatrix();      
     if(m_th1>-stepx/2) 
 colourX();               
line(m_particle_originX.position().x(),m_particle_originX.position().y(),m_pa
rticle_originX.position().z(),   m_particle_nextX.position().x(), 
m_particle_nextX.position().y(), m_particle_nextX.position().z()); 
                
pushMatrix();                 
translate(m_particle_nextX.position().x(),m_particle_nextX.position().y(),m_p
article_nextX.position().z()); 
                 stroke(0,0,255); 
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                sphere(m_size/2); 
                 popMatrix(); 
                 pushMatrix(); 
 translate( m_particle_originX.position().x(), 
m_particle_originX.position().y(), m_particle_originX.position().z()); 
                 stroke(0,0,255); 
                 sphere(m_size/2); 
                 popMatrix(); 
                 colourX(); 
     
     popMatrix();   
    } 
     
   void draw_Y(){  
       
     pushMatrix();    
     if(m_th2>-stepy/2)  
     
      colourY(); 
line(m_particle_originY.position().x(),m_particle_originY.position().y(),m_pa
rticle_originY.position().z(),m_particle_nextY.position().x(), 
m_particle_nextY.position().y(), m_particle_nextY.position().z()); 
pushMatrix(); 
translate(m_particle_nextY.position().x(),m_particle_nextY.position().y(),m_p
article_nextY.position().z()); 
                 stroke(0,255,0); 
                sphere(m_size/2); 
                 popMatrix(); 
                 pushMatrix(); 
translate( m_particle_originY.position().x(), m_particle_originY.position().y(), 
m_particle_originY.position().z()); 
                 stroke(0,255,0); 
                 sphere(m_size/2); 
                 popMatrix(); 
                 colourY();      
      popMatrix(); 
     
       
    } 
 
    void draw_XY(){ 
       
     pushMatrix();    
      colourXY(); 
       
line(m_particle_originXY.position().x(),m_particle_originXY.position().y(),m
_particle_originXY.position().z(),  m_particle_nextXY.position().x(), 
m_particle_nextXY.position().y(), m_particle_nextXY.position().z()); 
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 pushMatrix();          
translate(m_particle_nextXY.position().x(),m_particle_nextXY.position().y(),
m_particle_nextXY.position().z()); 
                 stroke(0,150); 
                 sphere(m_size/2); 
                 popMatrix(); 
                 pushMatrix(); 
 translate( m_particle_originXY.position().x(), 
m_particle_originXY.position().y(), m_particle_originXY.position().z()); 
                 stroke(0,150); 
                 sphere(m_size/2); 
                 popMatrix(); 
                 colourXY();      
      popMatrix(); 
  
       
    } 
   
} 
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APPENDIX IV: TOP-DOWN APPROACH - GRID RELAXATION 

FUNCTION (INSIDE CLASS NODE) 

 

void relaxationProcess (){ 
 
//for every node (U,V) on the surface… 
for (int u =stepUdouble+1; u <=Upoints-stepUdouble ; u += stepUdouble){           
  for (int v =stepVdouble+1; v <=Vpoints-stepVdouble; v += stepVdouble){ 
  
//calculate the deviation from (U,V) to (U-1,V) 
 float errorUminus=  
dist( (particles[u-
stepUdouble][v].position().x()+particles[u][v].position().x())/2, 
                       (particles[u-
stepUdouble][v].position().y()+particles[u][v].position().y())/2, 
                       (particles[u-
stepUdouble][v].position().z()+particles[u][v].position().z())/2, 
                        particles[u-stepU][v].position().x(),    
                        particles[u-stepU][v].position().y(),    
                        particles[u-stepU][v].position().z()   ); 
 
//calculate the deviation from (U,V) to (U+1,V) 
float errorUplus= dist( 
(particles[u+stepUdouble][v].position().x()+particles[u][v].position().x())/2, 
                       
(particles[u+stepUdouble][v].position().y()+particles[u][v].position().y())/2, 
                       
(particles[u+stepUdouble][v].position().z()+particles[u][v].position().z())/2, 
                        particles[u+stepU][v].position().x(),    
                        particles[u+stepU][v].position().y(),    
                        particles[u+stepU][v].position().z()   ); 
 
//calculate the deviation from (U,V) to (U,V-1) 
 float errorVminus=  
dist( (particles[u][v-
stepVdouble].position().x()+particles[u][v].position().x())/2, 
                       (particles[u][v-
stepVdouble].position().y()+particles[u][v].position().y())/2, 
                       (particles[u][v-
stepVdouble].position().z()+particles[u][v].position().z())/2, 
                        particles[u][v-stepV].position().x(),    
                        particles[u][v-stepV].position().y(),    
                        particles[u][v-stepV].position().z()   );  
 
//calculate the deviation from (U,V) to (U,V+1) 
  float errorVplus= dist( 
(particles[u][v+stepVdouble].position().x()+particles[u][v].position().x())/2, 
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(particles[u][v+stepVdouble].position().y()+particles[u][v].position().y())/2, 
                       
(particles[u][v+stepVdouble].position().z()+particles[u][v].position().z())/2, 
                        particles[u][v+stepV].position().x(),    
                        particles[u][v+stepV].position().y(),    
                        particles[u][v+stepV].position().z()   ); 
  
 
  //if either of those deviations exceed he specifie threshold ….         
 if (errorUminus>optimal_errorX || errorUplus>optimal_errorX|| 
errorVminus>optimal_errorY  || errorVplus>optimal_errorY){ 
        //set two new values  pu and pv …. 
        float pu= w*(errorUminus+errorUplus); 
        float pv= w*(errorVminus+errorVplus); 
       
        //and either add it them or subtract them from U and V respectively, 
dependent on  
           which deviation is greater 
        if(errorUminus<errorUplus && errorVminus<errorVplus){ 
        //coords new point 
        float newCenterU=u+pu; 
        float newCenterV=v+pv; 
        setNewPoints( u, v , newCenterU, newCenterV); 
         } 
          
        else if(errorUminus>errorUplus && errorVminus>errorVplus){ 
        //coords new point 
        float newCenterU=u-pu; 
        float newCenterV=v-pv; 
        setNewPoints( u, v , newCenterU, newCenterV); 
       } 
        
       else if(errorUminus<errorUplus && errorVminus>errorVplus){ 
        //coords new point 
        float newCenterU=u+pu; 
        float newCenterV=v-pv; 
        setNewPoints( u, v , newCenterU, newCenterV); 
       } 
        
       else if(errorUminus>errorUplus && errorVminus<errorVplus){ 
        //coords new point 
        float newCenterU=u-pu; 
        float newCenterV=v+pv; 
        setNewPoints( u, v , newCenterU, newCenterV); 
       } 
        
       else if(errorUminus==errorUplus && errorVminus<errorVplus){ 
        //coords new point 
        float newCenterU=u; 
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        float newCenterV=v+pv; 
        setNewPoints( u, v , newCenterU, newCenterV); 
       } 
        
       else if(errorUminus==errorUplus && errorVminus>errorVplus){ 
        //coords new point 
        float newCenterU=u; 
        float newCenterV=v-pv; 
        setNewPoints( u, v , newCenterU, newCenterV); 
       } 
        
       else if(errorUminus<errorUplus && errorVminus==errorVplus){ 
        //coords new point 
        float newCenterU=u+pu; 
        float newCenterV=v; 
        setNewPoints( u, v , newCenterU, newCenterV); 
       } 
        
       else if(errorUminus>errorUplus && errorVminus==errorVplus){ 
        //coords new point 
        float newCenterU=u-pu; 
        float newCenterV=v; 
        setNewPoints( u, v , newCenterU, newCenterV); 
       } 
        
      } 
    
  
  } 
 } 
} 
//sets the new points on the surface, based on the new (U,V) coordinates 
//during that procedure, apart from the node(u,v), the “center nodes” from 
which the //deviation is calculated must be moved as well  
void setNewPoints(int u, int v, float newCenterU,float newCenterV){ 
   
        int plusDoubleU= u+stepUdouble; 
        int minusDoubleU= u-stepUdouble; 
        int plusDoubleV= v+stepVdouble; 
        int minusDoubleV= v-stepVdouble; 
         
        int plusStepU= u+stepU; 
        int minusStepU= u-stepU; 
        int plusStepV= v+stepV; 
        int minusStepV= v-stepV; 
        
        
        //coords x+ 
        float newPlusCenterUx=(newCenterU+plusDoubleU)*0.5;///////// 
        float newPlusCenterUy=(newCenterV+v)*0.5;/////////// 
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        //coords x- 
        float newMinusCenterUx=(newCenterU+minusDoubleU)*0.5; 
        float newMinusCenterUy=(newCenterV+v)*0.5; 
        //coords y+ 
        float newPlusCenterVx=(newCenterU+u)*0.5; 
        float newPlusCenterVy=(newCenterV+plusDoubleV)*0.5; 
        //coords y- 
        float newMinusCenterVx=(newCenterU+u)*0.5;/////////// 
        float newMinusCenterVy=(newCenterV+minusDoubleV)*0.5;////////// 
         
         
        m_new = m_path.M_getPointAt(newCenterU,newCenterV); 
        m_plusStepU = 
m_path.M_getPointAt(newPlusCenterUx,newPlusCenterUy);////////////// 
        m_minusStepU = 
m_path.M_getPointAt(newMinusCenterUx,newMinusCenterUy); 
        m_plusStepV = 
m_path.M_getPointAt(newPlusCenterVx,newPlusCenterVy); 
        m_minusStepV = 
m_path.M_getPointAt(newMinusCenterVx,newMinusCenterVy);/////////// 
         
       
        pushMatrix(); 
        sm_newPos.x = (m_new.x);//set x,y,z based on previous point m_origin 
        sm_newPos.y = (m_new.y); 
        sm_newPos.z = (m_new.z); 
        //println( sm_newPos.x+"  "+m_new.y); 
        popMatrix(); 
        pushMatrix(); 
        sm_plusStepUPos.x = (m_plusStepU.x);//set x,y,z based on previous 
point m_origin 
        sm_plusStepUPos.y = (m_plusStepU.y); 
        sm_plusStepUPos.z = (m_plusStepU.z); 
        popMatrix(); 
        pushMatrix(); 
        sm_minusStepUPos.x = (m_minusStepU.x);//set x,y,z based on previous 
point m_origin 
        sm_minusStepUPos.y = (m_minusStepU.y); 
        sm_minusStepUPos.z = (m_minusStepU.z); 
        popMatrix(); 
        pushMatrix(); 
        sm_plusStepVPos.x = (m_plusStepV.x);//set x,y,z based on previous 
point m_origin 
        sm_plusStepVPos.y = (m_plusStepV.y); 
        sm_plusStepVPos.z = (m_plusStepV.z); 
        popMatrix(); 
        pushMatrix(); 
        sm_minusStepVPos.x = (m_minusStepV.x);//set x,y,z based on previous 
point m_origin 
        sm_minusStepVPos.y = (m_minusStepV.y); 
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        sm_minusStepVPos.z = (m_minusStepV.z); 
        popMatrix(); 
         
         
        particles[u][v].moveTo(sm_newPos.x,sm_newPos.y,sm_newPos.z); 
        
particles[u+stepU][v].moveTo(sm_plusStepUPos.x,sm_plusStepUPos.y,sm_pl
usStepUPos.z); 
        particles[u-
stepU][v].moveTo(sm_minusStepUPos.x,sm_minusStepUPos.y,sm_minusSte
pUPos.z); 
        
particles[u][v+stepV].moveTo(sm_plusStepVPos.x,sm_plusStepVPos.y,sm_pl
usStepVPos.z); 
        particles[u][v-
stepV].moveTo(sm_minusStepVPos.x,sm_minusStepVPos.y,sm_minusStepV
Pos.z); 
        //println("loop " +frameCount+" particle  "+plusStepU+"  "+v+"  
"+particles[u+stepU][v].position()); 
   
} 
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APPENDIX V: GRADIENT DESCENT – SAMPLING - UPDATING 

FUNCTIONS (INSIDE CLASS AGENT) 

 

//sampling in u,v diagonal 
void M_updateXY1(float Sa, float Sb, float Eb ){ 
    
//while u and v within the surface 
if(m_th3<=numOfY-optimal_stepX && m_th4<=numOfX-optimal_stepY){ 
 
//calculate the previous sample step taken as well as the deviation  
stepPreviousXY=abs(Sa); 
xyPrevious=errorXYprevious(Sa); 
 
//set the next step according to the gradient decent formula    
 float stepNextXY= 
optimal_errorXY *(stepPreviousXY+Sb)/(xyPrevious+Eb); 
 
//make sure that the next step doesn’t overpass a specific limit that would set it 
outside //the surface; if it does make a smaller step 
//in any case, draw the node and continue sampling 
    if(stepNextXY>optimal_stepXY){ 
     
       if(optimal_stepXY!=stepxy){ 
          errorXY(optimal_stepXY,optimal_stepXY); 
          m_th3+=optimal_stepXY; 
          m_th4+=optimal_stepXY; 
          draw_XY (); 
          M_updateXY1(optimal_stepXY, stepPreviousXY,xyPrevious);  
       } 
      else if(optimal_stepXY==stepxy){ 
          errorXY(optimal_stepXY_alter,optimal_stepXY_alter); 
          println( errorXY(optimal_stepXY_alter,optimal_stepXY_alter)); 
          m_th3+=optimal_stepXY_alter; 
          m_th4+=optimal_stepXY_alter; 
          draw_XY (); 
          M_updateXY1(optimal_stepXY_alter, stepPreviousXY,xyPrevious);  
       } 
    } 
     
    else{ 
     errorXY(stepNextXY,stepNextXY); 
     println(   errorXY(stepNextXY,stepNextXY)); 
     m_th3+=stepNextXY; 
     m_th4+=stepNextXY; 
     draw_XY (); 
     M_updateXY1(stepNextXY, stepPreviousXY,xyPrevious);  
    } 
 } 
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} 
 //sampling in u-direction 
  void M_updateX1(float Sa, float Sb, float Eb){ 
 
//while u and v within the surface 
if(m_th1<=numOfY-optimal_stepX && m_th2<numOfX){ 
 
//calculate the previous sample step taken as well as the deviation  
 stepPreviousX=abs(Sa); 
  xPrevious=errorXprevious(Sa); 
 
//set the next step according to the gradient decent formula         
float stepNextX= 
optimal_errorX *(stepPreviousX+Sb)/(xPrevious+Eb);//optimal_errorX 
*(stepx-abs(stepPreviousX))/(x-xPrevious); 
 
//make sure that the next step doesn’t overpass a specific limit that would set it 
outside //the surface; if it does make a smaller step 
//in any case, draw the node and continue sampling 
     if(stepNextX>optimal_stepX ){ 
        
       if(optimal_stepX!=stepx){ 
         errorX(optimal_stepX); 
          m_th1+=optimal_stepX; 
          draw_X (); 
          m_th3=m_th1; 
          m_th4=m_th2; 
          M_updateXY1(-stepxy,0,0);  
          M_updateX1(optimal_stepX, stepPreviousX,xPrevious); 
       } 
       if(optimal_stepX==stepx){ 
          errorX(optimal_stepX_alter); 
          m_th1+=optimal_stepX_alter; 
          draw_X (); 
          m_th3=m_th1; 
          m_th4=m_th2; 
          M_updateXY1(-stepxy,0,0);  
          M_updateX1(optimal_stepX_alter, stepPreviousX, xPrevious); 
       } 
    }         
  else { 
     errorX(stepNextX); 
     m_th1+=stepNextX; 
     draw_X (); 
     m_th3=m_th1; 
     m_th4=m_th2; 
     M_updateXY1(-stepxy,0,0);  
     M_updateX1(stepNextX, stepPreviousX, xPrevious); 
    } 
 }   
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} 
 
//place boundary line in u-direction 
void M_updateX3(float a, float b){  
      
    if (m_th1>numOfY-optimal_stepX && m_th2<numOfX ){ 
     errorX(15*stepx); 
     draw_X (); 
   
     m_th1=start_th1; 
     m_th2+=numOfX-stepy; 
   } 
} 
 

//sampling in v-direction 
   void M_updateY1(float Sa,  float Sb, float Eb){ 
//while u and v within the surface 
if(m_th2<=numOfX-optimal_stepY && m_th1<numOfY){ 
 
//calculate the previous sample step taken as well as the deviation  
   stepPreviousY=abs(Sa); 
   yPrevious=errorYprevious(Sa); 
 
//set the next step according to the gradient decent formula         
     float stepNextY= 
optimal_errorY *(stepPreviousY+Sb)/(yPrevious+Eb);//optimal_errorX 
*(stepx-abs(stepPreviousX))/(x-xPrevious); 
 
//make sure that the next step doesn’t overpass a specific limit that would set it 
outside //the surface; if it does make a smaller step 
//in any case, draw the node and continue sampling 
     if(stepNextY>optimal_stepY){ 
        
       if(optimal_stepY!=stepy){ 
          errorY(optimal_stepY); 
          m_th2+=optimal_stepY; 
          draw_Y (); 
          m_th3=m_th1; 
          m_th4=m_th2; 
          M_updateXY1(-stepxy,0,0);  
          M_updateY1(optimal_stepY,stepPreviousY, yPrevious); 
       } 
       if(optimal_stepY==stepy){ 
         errorY(optimal_stepY_alter); 
          m_th2+=optimal_stepY_alter; 
          draw_Y (); 
          m_th3=m_th1; 
          m_th4=m_th2; 
          M_updateXY1(-stepxy,0,0);  
          M_updateY1(optimal_stepY_alter,stepPreviousY, yPrevious); 
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       } 
    } 
     
    else{ 
     errorY(stepNextY); 
     m_th2+=stepNextY; 
     draw_Y (); 
     m_th3=m_th1; 
     m_th4=m_th2; 
     M_updateXY1(-stepxy,0,0);  
     M_updateY1(stepNextY,stepPreviousY, yPrevious); 
    } 
 } 
  } 
 
//place boundary line in v-direction 
 void M_updateY3(float a, float b){  
      
   if (m_th2>numOfX-optimal_stepY && m_th1<numOfY ){ 
     errorY(10*stepy); 
     draw_Y (); 
     m_th2=start_th2; 
     m_th1+=numOfY-stepx; 
     
    }     
  } 
 

 

 

 

 
 

 

 


